A phenomenological approach to solvation in polar fluids is proposed that explicitly recognizes the role of thermal fluctuations in the solvent. The probability distributions for the fluctuating electric potential, field, field gradient, etc. in a polar fluid are shown to be Gaussian with a variance determined by the linear (dielectric) response function of the fluid. This Gaussian distribution is used to calculate the solvation free energy of a solute carrying a permanent multipole and/or a polarizability. Unlike the traditional reaction-field approach, the fiuctuation approach can describe the solvation of a polarizability by the fluctuating field from the solvent. This contribution to the solvation free energy may be regarded as the zero-frequency part of the electrodynamic dispersion interaction.
I. INTRODUCTION
The important role of the solvent in affecting chemical eqCiibria and reaction rates in condensed media has long been recognized and remains an active field of investigation.'-" The solvation problem has been addressed at various levels of description."-'* At the phenomenological level, the traditional approach is based on the reaction field concept. l9 The reaction field is a mean field resulting from a statistical average of solvent configurations and, hence, does not take into account thermal fluctuations in the solvent. In the present work we propose an alternative phenomenological approach to solvation, which explicitly refers to solvent fluctuations and, hence, is more general than the reaction-field approach.
We start, in Sec. II, by deriving the distribution function for the fluctuating electric field in a (classical} polar fluid. (Actually, our treatment is more general, being applicable to a potential derivative of arbitrary order.) Using classical statistical mechanics and assuming that the fluid responds linearly to an (external) dipole, we show that the field distribution is Gaussian with a variance proportional to the linear susceptibility (or response function) characterizing the classical degrees of freedom in the fluid.
In Sec. III, we show how the Gaussian distribution function can be used to calculate the (classical) solvation free energy of a solute characterized by a permanent multipole moment and/or a multipole polarizability. We thus reproduce the traditional result, which can be obtained by the reaction-field approach, for the solvation free energy. In addition, we obtain a contribution, which does not emerge from the reaction-field approach, due to the interaction of the solute polarizability with the fluctuating electric field from the solvent. This contribution is essentially the zero-frequency part of the electrodynamic dispersion free energy.
Finally, in Sec. IV, we comment on the relevance of the fluctuation approach to problems involving changes in the free energy of solvation of a molecular system undergoing a chemical transformation.
II. CLASSICAL ELECTRIC FLUCTUATIONS IN A FLUID A. Statistical-mechanical foundations
We consider a uniform and isotropic fluid at a classical level of description, where all quantized degrees of freedom have been statistically averaged. In a given configuration Q of the fluid, there is, at an arbitrary point P, a nonzero electric potential $(a), field -V$( a), field gradient VV$(a), etc. Since the fluid is isotropic, it is sufficient to consider the potential derivatives ql( fi) = d'$( fi)/dz ', with I=0 12 , f ,**a, along an arbitrary reference axis (z). As the configuration IR fluctuates due to thermal motion in the fluid, so do the quantities $,(a). Our principal aim in this section is to fmd the (normalized) distribution functions fo( qI> that characterize these (classical) electric fluctuations. We do this by relating the intrinsic fluctuations in the fluid to the response of the fluid to an (external) axial multipole pz (conjugate to &) located at the point P and oriented along the reference axis.
The potential energy of the total system, comprising the fluid, in a configuration Q, as well as the multipole pl, can be expressed as Wfkpz) = u,(n) +l.l,$z(fin).
(2.1)
In the presence of the multipole, the probability F(8,~~)dfI of having a configuration to within di2 of Cl is given by the canonical distribution function"
with fl= ( kBT) -I and A(pz) the free energy of the total system. This probability density satisfies the normalization condition .
In the following, the configurational average of a quantity B(a) in the presence of the external multipole will be denoted (B),p j-dfi F(Uz>B(fiR), (2.4a) and in the absence of the multipole Wo= j. da Fo(aR)B(fi(Z), (2.4b) with F,(a) =F(fh,O) =expu[Ao-U,(a)]}. Differentiating (2.3) with respect to yz and using (2.1)-(2.4), we obtain for the average (2.5) Similarly, differentiating (2.3) twice with respect to pz and using (2.1)-(2.5), we obtain for the mean-square fluctuation M),,= W&,-k& ($z)pl. The intrinsic mean-(2.8)
We now assume that ($I),, can be expanded in powers of PI, (1cIz>p, (2.9) where an explicit minus sign has been inserted to make the linear multipole susceptibility xf " positive (cf. Sec. II D). Due to the isotropy of the fluid, even powers of pClr cannot appear in the expansion (2.9). Substitution into (2.8) yields the important result <&)o= W-x;'), (2.10) relating the intrinsic electric fluctuation (r,@. in the fluid to the multipole susceptibility xl'), which characterizes the linear part of the response of the fluid to an external multipole pr. Repeated differentiation of (2.3) with respect to pz yields, after setting ,uz=O, all the moments ($y)o and, hence, the complete distribution function fo(ql>. In this way, all the odd moments are found to vanish, as required by symmetry. The next higher even moment is The foregoing treatment is extremely general; nothing has been assumed about the properties of the fluid except that it is isotropic and that the fluctuating degrees of freedom obey classical statistical mechanics. (The classical treatment is valid if the fluctuations in qz are slow compared to p$, i.e., 2.5X lo-l4 s at 300 K.)
We now introduce the linear response approximation, i.e., we truncate the expansion (2.9) after the linear term (neglecting cubic and higher terms). In the present context, the linear response approximation is nothing but the usual dielectric approximation, more commonly expressed as a proportionality between the polarization (dipole density) and the (external) electric field." This approximation ensures that the principle of superposition of electric potentials remains valid in the presence of the polarizable fluid.
We thus neglect the hypersusceptibilities xf"' with 03, whereby (2.10) and (2.12) yield where we have used (2.10). Since the ensuing treatment is confined to the linear response regime, we drop the superscript on the linear multipole susceptibilty xfl'. Instead we add a superscript c to emphasize that xf describes the response of the classical degrees of freedom in the fluid (cf.
Sec. II C).
Returning to the result (2. lo), .we note that the meansquare fluctuation also can be expressed as
where S(w) is the spectral density of the electric fluctuations,
If the fluid exhibits linear response, so that for a multipole oscillating with frequency w, we have for the Fourier components n ($zw)p[= -Xz(~)Pz (~>, (2.17) with the complex susceptibility xz(w) = xj (0) + &i'(w), then (the classical limit of) the fluctuationdissipation theorem2' states that Inserting (2.18) into (2.15) and using the KramersKronig dispersion relation, one obtains2'
which is (2.10) with xz identified as the static susceptibility x1( 0) = xi (0). Although (2.10) can thus be regarded as a special case of the fluctuationdissipation theorem, it is in fact a more general result, valid also for nonlinear response. This is evident from its derivation in Sec. II A. The linear response approximation is necessary, however, to obtain the Gaussian form (2.14) of the distribution function fo($z>. It is also required, of course, to treat timedependent phenomena such as dielectric friction on a rotating dipole22*23 and spin relaxation due to fluctuating electric field gradients,24 involving the time correlation functions (W)$Z(~)O with I=1 and 1=2, respectively.
C. Classical and quantized degrees of freedom
A real fluid has classical as well as quantized degrees of freedom. At normal temperatures, the latter comprise electronic motion and fast internuclear vibration. These quantized degrees of freedom cannot, of course, be explicitly incorporated in a classical statistical-mechanical description, like the present one. In particular, since we have implicitly averaged over the quantized degrees of freedom, they do not contribute to the electric fluctuations considered above.
Provided that the total response of the fluid is linear, we have
with the susceptibility xz pertaining to the fluctuating classical degrees of freedom (FCDF) as well as to the averaged quantized degrees of freedom (AQDF) in the fluid. We now assume that this total susceptibility can be divided into two well-defined parts, Xl=Xf+X;Y (2.21) associated with the FCDF and the AQDF, respectively. The classical electric fluctuations considered above then involve only the susceptibility x?. When we consider free energies of solvation (Sec. III), however, we must include the effect of the AQDF, as described by xy.
D. Spherical cavity model
In the preceding treatment the susceptibility XI appears as a phenomenological parameter characterizing the fluid. To obtain an explicit expression for the distribution function fo(lcz) in (2.14) and the solvation free energies derived in Sec. III, the susceptibility (and its classical and quantum-mechanical parts) must be related to the properties of the fluid. The simplest model consistent with the imposed isotropy and linearity of the medium is a spherical cavity in a dielectric continuum. For an axial multipole ,LL~ at the center of a spherical cavity of radius a, embedded in a dielectric medium of relative permittivity E, the reaction potential 4,(r,8), i.e., the electric potential inside the cavity with the direct multipole potential subtracted, can be obtained by solving a standard electrostatic boundary value problem,25 with the result We now demonstrate how the Gaussian distribution function in (2.14) can be used to calculate the free energy of solvation, A,, , of a molecule, described in terms of its quantum-mechanical expectation values of multipole moments pl and multipole polarizabilities aI. It will be seen that our fluctuation approach reproduces the traditional result for the (classical) solvation free energy and, in addition, yields a free energy contribution due to the interaction of the polarizability aI with the conjugate fluctuating potential derivative &.
In the fluctuation approach, we begin by expressing the energy of the total system, comprising the solute (characterized by ,uz and al) and the solvent (characterized by XT and XT) in a given configuration a, as Since U, can depend on the classical degrees of freedom fi only via the potential derivative $z< a), we can express (3.3) in terms of the Gaussian distribution function fo( +Z) in (2.14) as w4 --P&d~~~a~) 1 = j-*, d 'h, a d~~, zfoWdfW~, , ) where U, is now regarded as a function of the Cartesian components of the potential derivative.
A. Solvation of a permanent multipole
The traditional "reaction-field" approach to the solvation of a permanent multipole pr starts from (2.5), which is integrated to give &l"(PLlr) = s , "' dM,VpI- Introducing the linear response approximation (2.20), we obtain the well-known result" 1 &dP~) = -2 Xr Pf. (3.6) In the fluctuation approach, our starting point is the interaction of the solute multipole pl with the solvent in a configuration a, U,(aPr) =Pzlh,z(~2) -;J&:, (3.7) where ,!L~ defines the z direction. The first term represents the interaction of the multipole with the FCDF in the solvent [cf. (2.1)]. The secondterm, which is analogous to (3.6), results from the polarization of the AQDF in the solvent by the multipole. Since the AQDF have already been statistically averaged, the second term in (3.7) is, in fact, a free energy contribution.
Inserting (3.7) and (2.14) into (3.4), we obtain
and, after performing the standard integral, &l"(Plr) = -+iIM-h?Pf. (3.9) Making use of (2.21), we recover the traditional result (3.6), as anticipated.
B. Solvatlon of a polarizability
Next we consider the solvation of a scalar multipole polarizability az with Z)l. The interaction of the solute polar&ability aI with the solvent in a configuration fi isI u,(n,ad=i zPf;i(Q)$l,i(Q)+i CPEi(e) I I Making use of (3.15) and (2.21), we can transform (3.17) into As,,lv(al) =-i kBT In (3.18) This result is particularly interesting since the traditional "reaction-field" approach yields As+ ( al) = 0. Once we recognize that the classical solvent degrees of freedom are fluctuating, however, it becomes clear that there is a transient induced multipole y: which interacts with the FCDF and the AQDF, thus solvating the polar&ability according to (3.18) . This view suggests an analogy with the electrodynamic dispersion interaction27J28 and, indeed, we show in Sec. III D that (3.18) is closely related to the zerofrequency (classical) part of the dispersion free energy.
[Note that AsOl, =0 for a solvent without classical polarization, i.e., with es=eop and, hence, xT=O.]
The first and second terms correspond precisely to the first term in (3.7) and (3.10), respectively. The third term is analogous to the second term in (3. lo), but now the "permanent" multipole component is pl,i+pF, i, with ~f,~ still given by (3.11) , and the reaction potential derivative is, in analogy with (3.12), (3.21) where &'j is the total multipole component The solid curve corresponds to our nonlinear self-consistent result (3.19) , the dotted curve to the partly linearized result (3.33) , and the dashed line to ).
The result (3.18) predicts an infinite solvation free energy for xl= l/al.
This behavior is analogous to the Clausius-Mossotti catastrophe," and in both cases the unphysical divergence signals the breakdown of the linear response approximation.
The solvation free energy Asolv(al) of a dipole polarizability al is obtained, within the spherical cavity model, from (3.18), (2.24), and (2.26). Using also the Maxwell relation cop = n2, with n the refractive index, we obtain for a strongly polar (ES% 1) solvent like water, 3 Asodad=-~bTln %d l+(1-ared)(2n2+1) (3.19) with the reduced polarizability ared=al/(4moa3).
As seen from Fig. 1 , which refers to water as the solvent (n = 1.33), the solvation free energy can be significant. For example, for a Xe atom with the cavity radius a= 1.85 A [the effective Lennard-Jones radius for O (Ref. 29) ], a ,d=0.64 and Asolv(al) = -l.16kBT. This value may be compared to the experimenta13' Xe hydration free energy of -1-2.25 k,T at 298 K, which also includes the quantummechanical dispersion interaction [cf. (3.37) ] and exchange repulsion, and the work of creating a cavity in the solvent.
C. Solvation of a polarizable multipole
Finally we consider the solvation of solute carrying a permanent multipole ,uI as well as a polarizability El (with I> l), which interact with the solvent (in a configuration a) according to (3.20) (For symmetry reasons, we formally include all three components ,ul, i of the permanent multipole, although only ,u[, Z is nonzero since pr defines the z direction.) Combination of (3.20)-(3.22) and (3.11) yields after recombination of terms,
where Z, is the renormalized polarizability (3.15) and jJr is the analogous renormalized multipole moment, As required, (3.23) reduces to (3.7) for al=0 and to (3.14) for p [=O. Inserting (3.23) and (2.14) into (3.4), we obtain 25) where i denotes x or y. After performing the standard integrals, we find 1 xf &dp~,a~) = --1 -C Z-;i X%W 2 l-&XI +f kBT ln( 1 -a&). (3.26) Using (3.15), (3.24) , and (2.21), we can combine the first two terms to obtain 1 Xl 3 A,,dy~,a~) = ---2 1 -alXr~:+~ k,T M l-&x;).
(3.27)
The first term in (3.27 ) is nothing but the traditional result, which can also be obtained by the "reaction-field" approach," and the second term is the solvation of the polarizability, as previously derived in (3.17).
D. Dispersion free energy
In the preceding, we have considered er fluctuations due to thermal fluctuations in the classical degrees of freedom of the solvent. There are, however, also electromagnetic fluctuations of a quantum-mechanical origin27P28 and, as is well known, these give an additional contribution to the solvation free energy, known as the dispersion free energy.
To bring out the relation of the dispersion free energy to the dielectric properties of the solvent, we adopt a simple version of the theory of the dispersion interaction. As usual, we consider only the scalar point dipole polarizabilities (al). The (nonretarded) dispersion interaction between the solute molecule, with dipole polarizability al, and a solvent molecule, with dipole polarizability Et, separated by a distance r, is given by31 udisP(y)=-(4T&. n=O 6kBT 6 i (1--6,~2)al(iw,)bl(iw,), (3.28) with o,=n4GkBT/h.
Assuming pairwise additivity, we obtain for the dispersion free energy of a solute molecule in the spherical cavity, &isp(QI1) =P s O" dr 4?r?u&p (r) cl (3.29) where p is the solvent number density (assumed uniform).
We consider first the classical zero-frequency contribution, i.e., the n=O term in (3.29), (3.30) with alEal the static dipole polarizability. Relating the solvent polarizabihty Z$ to the static permittivity es of the solvent by means of the Clausius-Mossotti equation" (which is accurate only for nonpolar solvents) 360 Es-1 4=7E,f2 9
we obtain from (3.30) = -3kBTaI -2e,+l Gg' which agrees with (3.32) for small E, and differs by a factor 2 for large es. We stress that the zero-frequency dispersion free energy (3.32) is approximate; most notably, our use of the Clausius-Mossotti equation (3.3 1) restricts the validity of (3.32) to weakly polar solvents. Within these limitations, however, the comparison of (3.32) and (3.34) demonstrates that our self-consistent result (3.17) for the solvation free energy of a dipole polarizability reduces, in the limit of small polarizability, to the zero-frequency dispersion free energy. The solvation free energy of a dipole polarizability has previously been considered by Linder.32 Using a generalized reaction-field approach, he obtained a result [the second term in Eq. ( 149) This expression can also be obtained by expanding our exact result, (3.17) or (3.18) , to linear order in the susceptibilities. The rather involved derivations of the approximate results (3.32) and (3.35) may be contrasted with the simple calculation of Asolv(al) in Sec. III B. Our expression (3.17) is the exact result, within the linear response approximation, for the zero-frequency dispersion free energy. It incorporates many-body effects to all orders in a self-consistent manner. In contrast, the linearized result (3.35) is based on an approximation32 which does not treat the mutual polarization of the solute and solvent in a selfconsistent manner. As shown in Fig. 1 , the linearized expression (3.35) can significantly underestimate the solvation free energy. The dotted curve in Fig. 1 , corresponding to (3.33) , gives an indication of the relative importance of linearizing the logarithm in (3.17) and of linearizing the renormalized polarizability.
The free energy contribution from the n > 0 terms in (3.29) is not included in the preceding classical treatment. Since the frequencies w, are closely spaced, we can replace the sum by an integral according to28131 m 4s rm kBT ngl -2;; j c-h *1 (3.36) Using the Clausius-Mossotti equation (3.15), we then obtain for the quantum-mechanical part of the dispersion free energy
IV. CONCLUDING REMARKS
We have presented here an exact treatment of classical (effectively zero-frequency) fluctuations of the electric potential and its spatial derivatives in a linearly responding (dielectric) fluid. The main result of this treatment is the Gaussian distribution function (2.14), with the variance determined by the appropriate response function for the classical degrees of freedom in the fluid. Real fluids, of course, also possess quantized degrees of freedom (mainly electronic motion), which cannot be explicitly incorporated in a classical statistical-mechanical description. In this work, we have treated these quantized degrees of freedom in a mean-field approximation, i.e., we have neglected electrodynamic fluctuations of a quantum-mechanical origin.
The fluctuation approach presented here, based on the Gaussian distribution function (2.14), provides a direct and intuitively transparent route for obtaining a variety of known results and, moreover, allows one to calculate certain properties that cannot be obtained by the traditional reaction-field approach, e.g., higher-order correlation functions. Perhaps more important is the application of the fluctuation approach to the problem of solvation in polar fluids. As shown in Sec. III, the fluctuation approach leads in a straightforward way to the classical solvation free energy (3.27) of a polarizable multipole, containing, apart from the traditional result (usually derived by the reactionfield approach), a contribution due to the solvation of a classical polarizability. In any self-consistent treatment of the mutual polarization of solute and solvent, this contribution is demanded by symmetry: just as a permanent solute multipole interacts with a polarizable (nonpolar) solvent, a polar solvent interacts with a polarizable (nonpolar) solute. In an isotropic fluid the latter interaction vanishes on average, hence the reaction-field approach (which is a mean-field approximation) cannot describe this contribution to the solvation free energy.
The actual solvation free energy, defined as the isothermal work of transferring the solute from vacuum and into the solvent, involves also the quantum-mechanical dispersion contribution, given approximately by (3.37) , and a contribution from the work of creating a cavity in the solvent. Frequently, however, one is interested, not in the absolute solvation free energy, but rather in the change in the solvation free energy accompanying a transformation of the solute. If this transformation does not appreciably alter the shape of the solute, the cavity contribution cancels out in the difference.
Under these conditons, the fluctuation approach can be used to calculate, in a self-consistent manner, solvent effects on, for example, conformational equilibria33 and rates of proton34 or electron5'7-'0 transfer. The computational procedure is as follows. The interaction with the classical field from the solvent is explicitly incorporated in the Hamiltonian matrix describing the relevant states of the molecular system. Next one self-consistently solves the quantum-mechanical problem of the molecular system interacting with the quantized solvent degrees of freedom. By repeating this process for different values of the classical field, one can construct the field distribution function corresponding to (2.14). Finally, the solvation free energy is calculated as described in Sec. III.
A potentially important feature of the fluctuation approach is that the coupling of a quantum-mechanical solute to the classical thermal fluctuations in the solvent, described by the distribution function (2.14), introduces a corresponding broadening of the energy eigenvalue spectrum.
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